Water wave scattering by a dock in presence of bottom undulation
The problem of water wave scattering by obstacles situated at the bottom of water of finite depth having a free surface have been investigated within the framework of linearised theory during last few decades. The problem of propagation of long wave along free surface over a sudden change in depth was discussed by Lamb (1932) , Kreisel (1949) who were the earliest contributors in this context. They employed the conformal transformation technique in the mathematical analysis. Davies (1982) solved the problem of reflection of normally incident wave by a patch of sinusoidal undulation on the sea-bed in a finite region using Fourier transformation technique. Mei (1985) considered the problem of wave scattering by periodic sandbars at the ocean bottom. Mandal and Basu (1990) extended the problem for an obliquely incident surface wave-train in the presence of surface tension at the free surface and employed a perturbation analysis directly to the governing partial differential equation and boundary condition to obtain reflection and transmission coefficients up to the first order in terms of integrals involving bottom shape function describing the geometry of the bottom topography.
Martha and Bora (2007) investigated water wave scattering by small deformation of the ocean bottom in case of oblique incidence of incoming wave. They obtain reflection and transmission coefficients analytically using Green's integral theorem and the numerical results were depicted graphically. Mandal and Basu (2004) , Maiti and Mandal (2005) studied water wave diffraction by a small elevation of the bottom of an ocean with an ice cover modelled as a thin elastic plate. Mohapatra and Bora (2009) finite depth by using modified residue calculus technique. This problem has been formulated for the obliquely incident waves and the case of normal incidence is recovered by taking appropriate limit. Leppington (1970) investigated the problem of water wave scattering due to a finite dock and obtained the amplitude of the reflected and transmitted wave train for short wave using integral equation technique. The dock problem was also reinvestigated by Gayen et.al (2006) by utilising a Fourier type analysis, giving rise to the Carleman type singular integral equation over semi-infinite range.
In this chapter, the problem of water wave scattering due to bottom undulation in the presence of a discontinuity in the upper boundary condition is considered. Here the free surface discontinuity arises due to the presence of a floating dock which is extended infinitely on other side of the ocean. The thickness of the dock is assumed to be very small compared to the water depth and the amplitude of the incoming wave. The reflection of incoming water wave occurs when a progressive wave train propagating from negative infinity is incident upon the dock in the presence of bottom undulation. Hence, it is interesting to study the reflection coefficients in the presence of a small undulation at the bottom. The solution is being obtained by employing a simplified perturbation technique directly to the governing 
Formulation of the problem
We consider the two dimensional motion in an ocean of variable bottom topography in the form of small undulation at the bottom. A rectangular cartesian coordinate system is chosen in which -axis is taken vertically satisfies the two dimensional Laplace equation:
with the free surface boundary condition
where = 2 , is the acceleration due to gravity. The surface boundary condition on the dock region is given by
with the edge condition
and the bottom boundary condition Finally, the far field behavior of the potential function is described by
Where is the unknown reflection coefficient (complex). Determination of is of prime concern here.
Method of solution
The boundary condition (5) can be written as,
where ( , ) is the direction cosine of to the curve
Using Taylor series expansion of ( , ) on = ℎ + ( ) and the equation (1), we get the following form:
The form of the approximate boundary condition (2) suggests that and have the following perturbational expansion in terms of the small parameter :
Substituting from (9) to (10) in the governing PDE (1) and the conditions (2) to (4), (6), (7) and equating the coefficients of like powers of ( 0 and 1 ) on both sides of the results, we find that, the zero and first order potentials 0 and 1 satisfies the following two different boundary value problems. They are named as BVP-1 and BVP-2 respectively.
BVP-1:
The function 0 ( , ) satisfies ( )
Where 0 is the zero order reflection coefficient.
BVP-2:
The function 1 ( , ) satisfies
Where 1 is the first order reflection coefficient.
The BVP-1 represents a water wave scattering problem with a free surface discontinuity in uniform finite depth water. Such a type of scattering problem (BVP-1) was also investigated earlier by Evans and Linton (1994) and they obtained the reflection and transmission coefficient by using residue calculus technique. The BVP-2 is a radiation problem in presence of a free surface discontinuity with variable bottom depth. Here, without solving the BVP-2, the analytical expression for the first order reflection coefficient is determined in terms of an integral involving the bottom shape function ( ) and the solution of the BVP-1, namely 0 ( , ), its first order partial derivative with respect to .
CHAPTER-4: SCATTERING BY A SEMI-INFINITE DOCK

The zero order reflection coefficient
In this section, the zero order reflection coefficient is obtained by using residue calculus technique as used by Evans and Linton (1994) for the problem of wave scattering by a upper surface discontinuity of somewhat different type in uniform finite depth water. The zero order potential function 0 ( , ) of the BVP-1 can be expanded in terms of orthogonal eigenfunctions for the free surface region ( < 0) and the dock region ( > 0) in the form given by The matching conditions for 0 ( , ) are the continuity of the velocity potential
The orthogonality of the depth eigenfunctions of the two regions together with the above matching conditions at = 0 produces the following two systems of linear equations 
. ).
The unknown constants , ( = 1,2, . . . . . ) can be computed numerically from the system of linear equations (12) and (13) after truncation. The zero order reflection coefficient 0 can be determined following the procedure used by Evans and Linton (1994) .
We consider the integral
where the function ( ) has simple poles at = 1 , 2 , . . . . . , simple zeroes at 
The Cauchy's integral formula and residue theorem gives
Using ( 0 ) = −1, with denoting the kronecker delta, we find
Now comparing (12) with (17), we obtain
= ( ( )| = ).
Again, we consider the integral
with the same property of the integrand function ( ) as mentioned above in (14). The matching conditions at = 0 can be combined to give
The Cauchy's residue theorem gives for = 0 and at = − 0
Comparing (19) and (20), we obtain
At = − 0 , using ( ) from (16), (21) gives
and replacing and (− 0 ) in (21), we obtain
].
The first order reflection coefficient
As mentioned earlier, without solving the BVP-2, the first order correction to the reflection coefficient 1 can be obtained by appropriate use of Green's integral theorem to the functions 0 ( ) and 1 ( ). We consider the region bounded by the lines = 0, − ≤ ≤ ; = ± , 0 ≤ ≤ ℎ; = ℎ, − ≤ ≤ ( > 0) and employ Green's integral theorem in the form
where is the outward normal to the line element . The surface boundary condition satisfied by the potential functions 0 ( ) and 1 ( ) ensures that there is no contribution to the integral along the part ( = 0, − ≤ ≤ ).
Furthermore the water under the dock region is undisturbed and there is no transmission or dispersion of incoming wave. So there is no contribution to the integral along the part ( = , 0 ≤ ≤ ℎ). The only contribution to the integral (23) arises from the line ( = − , 0 ≤ ≤ ℎ) and the bottom. Finally making → ∞, we obtain
Thus 1 can be obtained explicitly once the shape function ( ) is known and the potential function 0 ( , ) is obtained.
Numerical results
The first order correction to the reflection coefficient 1 can be computed numerically from (24) 
Case-1:
The first bottom shape function is chosen as 
Case-2:
The second shape function is taken as
This above ( ) represents exponentially decaying bottom profile.
Here,
The values of | 1 | are depicted against ℎ in figure 
